1. Introduction. Let T denote a fixed complex vector space equipped with a non-degenerate Hermitian form Φ having p positive eigenvalues and q negative eigenvalues. Denote by P + and Pt he subsets of the projective space P = PT on which Φ is positive or negative respectively (a homogeneous condition). Let V be a GL(T)-homogeneous vector bundle on P. Then via its action on T, U(p, q) is represented on the cohomologies 77 r (P+,^(K)) and H
r (Ψ+, 0(V)).
We will consider below only the case of a homogeneous line bundle λ though much of the analysis applies generally (cf. [16] ). The study of these representations is one of the motivations for this article. Another motivation, which also provides some of the machinery for studying these cohomologies is that of twistor theory and especially the Penrose transform, a key aspect of twistor theory. Classical twistor theory [34, 35, 36, 37] , as initiated and developed by Roger Penrose, is concerned with the case p = q = 2 and is based on the 4-1 covering SU(2, 2) -• Cj.(l, 3) where Cj.(l, 3) is the identity connected component of the group of conformal motions of conformally compactified Minkowski space (see [34] ). In this case the Penrose transform [12] identifies H ι (P+, &(λ) ) with solutions of certain field equations on compactified Minkowski space called the massless 201 field equations. The invariance of these equations under C+(l, 3) is well-known [33] but is clear from the twistor perspective (i.e. via the Penrose transform). The construction of an invariant Hermitian product usually called the scalar product is physically well motivated [19] but it takes some effort to show [24] its invariance. However, once the definition of scalar product has been transferred to H ι (P ι , (?(λ)) (accomplished in [35, 20, 21, 13] ) its invariance is clear. Proving that the scalar product is positive definite using the Minkowski space definition may also be indirect depending on whether the field is "Bosonic" or "Ferminonic". The Bosonic case is usually approached via an expansion in plane waves, i.e. by means of the Fourier transform, or via an expansion in Grgin's spherical harmonics [23] . The latter become an expansion in elementary states under the Penrose transform.
Many other investigations in twistor theory have been carried out under the assumption that it is enough to consider elementary states. This has given rise to a calculus for manipulating elementary states known as the theory of twistor diagrams [35, 36, 27, 26] . The density proved in this paper goes some way towards justifying this approach.
This article is organized as follows. Section 2 describes some results on pseudoconvexity which are used to investigate H r (P+, tf(λ)). The elementary states are introduced in §3 and the density and consequences are described in § §5, 6, and 7. As an interlude, §4 contains a review of other approaches to the unitarization of the ladder representations and a comparison with the twistor approach of this article. Whilst more details can be found in §4, we should point out here that the twistor construction is on Dolbeault cohomology and this is not the same nor easily related to realizations on L The initial version of this paper was somewhat confused, partly owing to our limited knowledge of representation theory. We thank the referee for several helpful comments in this area and for suggesting the current organization of the paper. Conversations with John Rice were also helpful in this regard.
Generalities on cohomologies.
Throughout this section V is an arbitrary complex vector bundle on P. and introduce the function φ = Φ/Ψ on P. Then one has the following picture
, a linearly embedded P^_i. It is easy to compute that the complex Hessian of φ has p -1 positive eigenvalues and q negative eigenvalues on P + (related and similarly motivated functions are to be found in [40] ). Thus, using l/φ as an exhaustion function for P + , it follows from [2] (see also [25] and [3] ) that = 0 for all r > p.
On P~ , however, φ has p positive eigenvalues and q -1 negative eigenvalues. The results on pseudoconcavity in [2] show that is an isomorphism for r < p -1 and injective for r = p -1. One can now compute H r (P~L, #(V)) using the Leray cover {Z 1 Φ 0}, ... , {Z p Φ 0} but this is essentially the method used by Scheja [39] to prove a cohomological version of the Riemann removable singularities theorem which implies that H r (P-L, 0(V)) = /7 r (P, for 0 < r < codimL -2, i.e. for 0 < r < p -2. i/ r (P, may be computed by Bott's theorem [7, 15] but in any case is finite dimensional [9] . For a homogeneous line bundle λ, Bott's theorem implies that /Γ(P, #(λ)) = 0 except possibly for r = 0 or n -1.
To summarize these facts:
vanishes for r > p. Only for r = p -1 is the cohomology infinite dimensional and then -L, is injective. For r < p -2 one has
= H r (P,
With rather more effort these facts may be established using the Penrose transform [15, 6] . Similar conclusions apply to /Γ(P+ , 0{V)).
For an arbitrary holomorphic vector bundle Fona complex manifold X, one can always endow H r {X, &{V)) with a topology [45, 32] by using the topology of uniform convergence on compact sets for the Dolbeault resolution of &{V). However, since <9 need not have closed range (a counterexample is provided in [45] ), the resulting topology on the cohomology need not be Hausdorff. If the topology is Hausdorff, then Proof. By the discussion above it is enough to show that #?
+1 (P + , 0{V)) is the dual of 7/^~2(P + , 0{V)). According to earlier argument, however, ^" 2 (P + , 0{V)) = H P~2 {P, 0{V)) whereas H^+ { (P + , 0{V)) may be identified with the aid of the exact sequence [22] + , 0(V)) -In this sequence the first and last terms vanish by previous considerations of pseudoconvexity. Thus, we are required to prove that Note also that /tf(P+, 0(V)) may be related to by means of the exact sequence
The extreme terms are always finite dimensional so //?(P + is almost isomorphic to H q~ι (P~ , &(V) ). In the case of a homogeneous line bundle λ, if /? > 2 and <? > 2, then ι ( = 0 = so an isomorphism is obtained. As far as constructing the ladder representations is concerned, the twistor construction when p = 1 and q = 1 is slightly degenerate as explained in [14, 6] . This degeneracy is exactly reflected in the finite dimensional "corrections" as above. Thus, from now on we shall assume that p, q > 2 leaving the special cases p = 1 or q = 1 to the reader.
In this case Theorem 1 can be rephrased above as a duality be-
One can easily check that the pairing between these cohomologies is given as follows (cf. [45] ). For ωe/^-^P 3 ,^!)) choose U an open neighbourhood of P~ so that ω is represented by ώ e H q~ι (U, #(λ)). Now for μ e 7/" 1 (P + , 0{λ)) form the cup product ώnμe H n~2 (UnP + , Ω"" 1 ) and finally take the Mayer-Vietoris connecting homomorphism for the cover {U, P+} of P to obtain an element of H n ' ι (P 9 Ω n~ι ) = C. This is the dot product ω μ introduced in [13] .
Laufer [32] also discusses topologies on the compactly supported cohomology Hl{X>0{V)) and proves that^ if H^ι{X, 0{V)) has a Hausdorff topology, then H m~r ( 
X, &(V)) is the continuous dual of H£(X,#(V)).
Using this result, the argument above for Note that the roles of P + and P~ above may be reversed by replacing Φ by -Φ. Also note that Laufer [32] provides alternative methods of describing these natural topologies and, in particular, it is possible directly to use the Cech definition of cohomology. The Cech method is commonly employed in twistor theory. [11] and [6] for further discussion). Notice that P -L is a homogeneous space for The elementary states are usually regarded, however, as cohomology classes in H p~ι (P+, &{k)) where they are referred to as elementary states based on L. This is legitimate because either by the Penrose transform [15] or by reasoning supplied in the previous section, the natural map 
#(k)).
Though this is true, it requires further argument (supplied at the end of this paper).
Finally, by tensoring through with detT, note that the elementary states for are grouped into the representations L, 0{a\b, ... , b) ), the lower left-hand block of / acts as lowering operators from elementary states of "level" d to those of level d -1. This can be seen explicitly on Cech cocycles where the Lie algebra of / acts as differential operators [5, 6] .
The ladder representations.
In this section we place the cohomologies that we have been studying in the context of general representation theory. This is slightly jumping the gun since, as remarked above, we do not yet know that the elementary states are the ^-finite vectors in these various cohomologies. Here K denotes the maximal compact subgroup and it is a standard technique in the study of representations of reductive Lie groups to first restrict to such a K and see how the AΓ-finite vectors of the representation decompose into irreducibles. Thus, for the purposes of this section we assume to know that the elementary states are the ΛΓ-finite vectors (as proved in §7).
As shown in the previous section, the ΛMypes of or are especially simple. There is a highest ΛMype (where d = max(p, a -b)) and then a single ray of ΛMypes (as d increases) all occurring with multiplicity one. It is for this reason that these representations are known to physicists as the ladder representations. The Λ^-finite parts of these representations agree-they constitute the same Harish Chandra module. A Frechet representation with a. particular Harish Chandra module as ^-finite part is called a globalization of this module and it is shown in [10] that H p -ι (T>+, &{λ)) is precisely the hyperfunction or maximal globalization [42] . This is also a special case of a very general result of Schmid and Wolf [43, 44] which uses geometric quantization to produce Frechet representations which are the maximal globalizations of Zuckerman's derived functor modules. (We are grateful to the referee for drawing our attention to this result.) More interesting, however, is the fact that these modules are unitarizable i.e. admit a (necessarily unique) Hubert space globalization. This is proved in §6 below but is already well-known. We now review some of the relevant literature and explain why the "twistor" method is quite different from the usual approaches.
As mentioned in the introduction, the case of SU(2, 2) is especially interesting from the physical point of view since there are the 2-1 covers
where C+(l, 3) is the identity component of the group of conformal transformations of compactified Minkowski space. In this case the ladder representations occur as the spaces of massless fields of various helicities on compactified Minkowski space and physicists have long known how to unitarize them (though usually regarded only as representations of the Poincare group, a subgroup of the conformal group). Incidently, that is why the work state is employed-from the language of quantum mechanics. One can Fourier analyze these fields and directly verify invariance of the physically motivated scalar product. This approach is detailed in [28] . The calculations required are fairly severe. This method generalizes immediately to the case of O^(2, k) and, with more effort, to the case of SU(p, q) (as in [30] ). Since then, much progress has been made in unitarizing these and other modules. The simple pattern of ΛMypes shows that the ladder representations are examples of highest weight modules i.e. they are generated by lowering a single weight vector. It is now known precisely which such modules are unitarizable [18, 29] and there are several methods of proving unitarity (e.g. [47, 1] ). These methods are usually algebraic.
More closely related to the twistor method, however, is the construction of representations on ZΛcohomology. This was very successful for the discrete series [41, 4] and this approach has since been adapted [38] to deal with certain singular representations (of which the ladder representations are examples). However, we should point out that, although there is always a mapping from L 2 -cohomology to ordinary Dolbeault cohomology, they are not usually well-related.
There is always a difficulty in establishing the unitary structure. For L 2 -cohomology this difficulty lies in showing that the answer is nontrivial either from Harish Chandra's original proof of the existence of the discrete series as in [41] or from an ZAindex theorem as in [4] . What is clear in this approach, however, is the existence and invariance of the Hubert space inner product. These difficulties are compounded for the singular representations [38] when the inner product is not so clear. For realizations such as those on massless fields the existence of the Hubert space is straightforward but work is needed to check invariance of the inner product under the action of the group. Indeed, sometimes it is not so clear that the group acts at all-this involves checking that the field equations are conformally invariant [24, 8, 17] .
With the twistor approach, however, the existence of the representation (without the unitary structure) is elementary since Dolbeault cohomology is well-understood (cf. Schmid's original approach to the discrete series [40] ). The construction of an invariant Hermitian form requires some work but is straightforward once the twistor transform used in its construction is under control. The place where the twistor construction has its difficulties is in showing that the scalar product is positive definite. This is where the elementary states are so useful (as in § §6 and 7 below).
The twistor construction of the scalar product for the case of massless fields first appears in [35, pp. 277-278] where it is couched in the language of twistor diagrams. It is obtained by transferring the spacetime definition over to twistor space. At this time the Penrose transform was in an early stage of development. Penrose had not yet recast it in terms of cohomology. Some cohomological implications of the twistor construction were worked out in [20, 21, 13] . The work of Rawnsley, Schmid, and Wolf [38] was also inspired in part by Penrose's results though their conclusions are rather different than ours.
Finally, we should note that the invariance of the massless field equations and their relatives under the group of conformal transformations is a special case of a much stronger invariance, namely invariance under local conformal rescalings of the metric. Further discussion on this aspect can be found in [8, 17] . = max(p, a -b) ) elementary states based on L comprise a finite dimensional representation R$ of U(p) x V(q), namely: (ft+l,...,ft+l,ft + l|α-p,ft,...,ft) ifp>a-b, (ft+ 1, ... ,ft+ l,α+ l-p|ft,ft, ... ,ft) ifp<a-b.
Taking the dot product with these states gives The method of proof shows slightly more than just density and this will be used in the next section.
6. The scalar product. The main result of [14] (also proved in [6] ) is that there is a canonical isomorphism of topological vector spaces, the twistor transform 9Γ\
